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Abstract

A new (2 + 1)-dimensional integrable soliton equation is proposed, which has a
close connection with the Levi soliton hierarchy. Through the nonlinearization
of the Levi eigenvalue problems, we obtain a finite-dimensional integrable
system. The Abel-Jacobi coordinates are constructed to straighten out the
Hamiltonian flows, by which the solutions of both the 1 + 1 and 2 + 1 Levi
equations are obtained through linear superpositions. An inversion procedure
gives the quasi-periodic solution in the original coordinates in terms of the
Riemann theta functions.

PACS numbers: 0230J, 0230

AMS classification scheme numbers: 37K10

1. Introduction

The study of finite-dimensional integrable systems (FDIS) and explicit solutions for various
soliton equations has been very important in modern mathematics with ramifications to several
areas of mathematics, physics and other sciences [1,5, 10,23]. Every finite-dimensional
integrable system obtained would be looked at as a miracle (such as the Kovakevski top,
geodesic flows on an ellipsoid, the harmonic oscillator equation on a sphere, the Calogero—
Moser system, etc [11-18]. There are special relations between soliton equations and finite-
dimensional integrable system [8, 10,20-22,25,26]. Several methods have been employed to
obtain explicit solutions of soliton equations, for instance, the inverse scattering transformation
(IST), the algebra—geometric method, the Hirota bilinear method, the Lie symmetry method, etc
[25,30, 31]. Olver and Sokolov [32] give a method to obtain the classification, symmetries and
Hamiltonian structures of integrable evolution equations which include some new important
integrable systems. We try to use this method on equations (2.10) and (2.11) in our paper,
but it is difficult because the u,,, v,, are alternate (compare with (4.7)—(4.25) in [32]). How
one should use the above method to treat equation (2.10) is an open problem that we find
interesting.
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Recently, the nonlinearization approach of Lax pairs (or constrained flows) has been
successfully applied to obtain finite-dimensional integrable systems from Lax pairs of soliton
equations [1-4,7,9,10]. There are many FDIS obtained by means of this approach. Very
recently, the nonlinearization approach has been applied to obtain quasi-periodic solutions of
soliton equations and was generalized to investigate soliton equations in two spatial and one
temporal (i.e. (2 + 1)) dimensions [5, 6], in which two 2 + 1 integrable models, the special
(2 + 1)-dimensional Toda equation and the well known Kadomtsev—Petviashvili equation, are
associated with a same eigenvalue problem and some explicit solutions expressed by the theta
function are obtained through Abel-Jacobi—Riemann inversion.

In this paper we consider a new (2 + 1)-dimensional coupled soliton equation

i 133 9 -1
up = (Gex — 317 — Juv> =309 'uy)

(1.

v = (%vxx —7v = 3uPv + 3v8’1vy)x

which is connected with the Levi hierarchy [19] and is similiar to the (2 + 1)-dimensional
coupled mKdV equation that is important in physics and soliton theory. By using a map o;:
C? — s1(2,C), a3 x 3 matrix differential Lenard operator and soliton hierarchy with their
Lax pairs are deduced easily. Then the Bargmann constraint is obtained in a natural way
by using another map 7, : C* +— C3, through which the Lax pair of the soliton equation
is nonlinearized into an N-dimensional Hamiltonian system. The conserved integrals {F,,}
are obtained by resorting to the generating function F(A). It is shown that the generating
function approach is powerful for proving involutivity and N dependence of the conserved
integrals {F},}. Hence the N-dimensional Hamiltonian system is integrable in the Liouville
sense. By introducing the elliptic coordinates on the invariant torus of the N-dimensional
Hamiltonian system, the Hamiltonian flows are mapped into linear flows on Abelian varieties
and is integrated directly. Here the generating function approach plays a central role in the
straightening of the flows, where the evolution of all the F;,-flow is obtained simultaneously
through calculation of the evolution of the F(1)-flow on the Abelian varieties. Finally, the
quasi-periodic solutions of the 2 + 1 coupled soliton equation are obtained by means of the
Riemann theta functions.

2. Preliminaries

Consider the Levi spectral problem [19]:

_ o Atu 20(v—u)
o =Ug U—< 1 i > 2.1

Define a linear map o : C* > s1(2, C):

_ Ol|+)LOl3 2)\(0[2—(11) 3
o (o) = ( s oy — has ) aeC. 2.2)

Here U = 03 ((u, v, DT). Let V = 0,(G), G € C3. Through a direct calculation, we have

V, — [U, V] = 0:{(K — »J)G} (2.3)
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where K, J are Lenard operator pairs:

3 0 0
K = 20 0 —2u 0
2 0  9+2u
(2.4)
0 -2 2uv 4
J=| =2 0 2u =
0 0 0 *

LetG =) 22 A7/ gj 1,8, = (¢}, &7, &))" € C,itis easy to prove the following proposition:

Proposition 2.1. The matrix V. = 0,(G,) satisfies the Lax equation V., — [U, V] = 0 if and
onlyifKg; =Jgj, Jg-1=0,j=-1,0,1,....

The Lenard gradients {g;} and Levi vector fields {X ;} can been defined recursively by
ngZJgj_H Jg_1=0
Xj:Jgj:ngfl j:—1,0,1,2,....

The explicit recursive formula is

2.5)

83'+1,x = —2vg} + Qu — B)gjz-
gy =30 +2u)g},, i=12,... (2.6)
87r1 = V&I — 38

The first few members are:

g1 =@, v, D" g0 = (—3ve —uv, —Ju, —v*, —v)"

1,21

1 3.3 1.2, 3
vxx+vux+§uvx+§l) —Eu v, EMX—EM +§U

2 1.3 1
a2l

The corresponding vector fields are

1 3 3 N
81 = (FUxx + 500y + 5UV ).

Xo = (ux, vy, 0)7 X1 = (—3vex — V), Sutyy +uu, — 300y, 0)7 o
X, = (iu” + %vvx + %vzu — %u3, %v” + %vux + %1)3 — %uzv, O)f. .
Let
N
Gy=0"G) =) 2" gi, Vv = 0,(Gy).
j=1

Then the Levi hierarchy is obtained from the zero-curvature form:
3 u
—_— v =Xy < UtN — Ve + [U, VN] =0. (28)
oty 1

the Lax pairs of which are

pe=Ug @y = VN @. (2.9)
The first two members are (1 = y, t, = t):
1
Uy = —5Vxy — (UV)y
LeviI: . () (2.10)
Vy = sUyy + Uty — 300,

3.2, 3.2 3.2
SV + 507Uy — SUTUy + 3uvvy
v, = %vxxx + %vu” + 1—25v2vx + %vxux — %uzvx — 3uvu,.

1 3
Uy = Zu”x + ivvxx +

Levi II: { Q2.11)
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The Lax pairs of (2.10) are
o =Ugp vy =Vip (2.12)

Vi — k2+k(u—v)—%vx—uv Ao —u)y +2A(A —v)(v —u)
b= A—v 22— —v)+ v +uv )’

If (u(x,y,t),v(x,y,t)) is a compatible solution of (2.10) and (2.11), then (u(x, y,?),
v(x, y, t)) is also a solution of the 2 + 1 coupled soliton equation

U = (ium — %MS S ?ava_lbty))C

2
(2.13)
v = (%vm + 70 = 3utv + 3v8’1vy)x.

3. The Levi-Bargmann system
Let ¢ = (¢1, ¢2)7 be a solution of (2.1), we define a map t; : C> — C?

L) = (=203 + 2192, =507 — 10 + 2100, 2pP) 3.1
It is easy to test the following formula:

K7 (p) = M1 (9). (3.2)

Consider N copies of the linear Levi equation (2.1):

ax(pj>=(olj+u Z(Xj(v—u))<pj> ji=1,2,...,N (33)
q; 1 —oj—u qj

with distinct eigenvalues A = «y, ..., ay.
Let

Tk = (—akqlf + Qi Prq, Ok PGk — ot,qu2 — %pf otkq,f)T k=1,...,N.

N
Tk

G)‘Egil'l- E .

oA

Then we have a Lax matrix:

N ATy
V) =0u(G) =D+ Y
k=1

)»—Otk

_ < A+ h01(pq) —20(p, ) — 20x(p. ) )_< Vi Vi ) (G4)

1+ 0,(q,Aq) —A—=X10(p,q) Vor —Vii
where 05§, m) = X)L, 51 = 32, EA0, A = diag(er, .., an), p = (p1, - PV
—p2 A —2{p,
Fk=<p"§’k Px ) Akz( \P.q) ) (3.5)
qi  —DPr4xk 1 —{q,q) —A

Proposition 3.1. The Lax matrix satisfies the following relation:

N
Vi) = [U, VO] = UA(Jgo - rk). (3.6)

k=1
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Proof. By using (2.3) and (3.2), we have

K —AJ
Vi) — [U, VW] = ox((K — AJ)GU—ffx(Kg 1+Z%>
k=1

-7 (Jgo + Z (K — o)t + (o = )")Jrk)

= )\—Olk

R )

k=1
From here we obtain the Bargman constraint in a natural way:

N

g=) T 3.7)

k=1

The explicit formula can be written in the following form by means of (3.3):

=(p.q) — (g, Aq)
(3.8)
—(q, Aq).
Then the spectral problem (2.1) is nonlinearized into a N-dimensional Hamiltonian system
oH
px=(A+(p.q) = {q. Ag)p = 2p. q) Ng = —
! (H)
oH
9 =p+Uq, Ag) = A —(p.q))g = ——
ap
where
H =3(p,p)+(p.q){q. Aq) — (p. Aq) — 5(p. q)". O

Lemma 3.2. Let A, B € 512, C), A satisfies the Lax equation A, = [A, B), then
d (detA) =0
—(de =0.
dx

We noticed that V(L) = 0;(G,) is a solution of the Lax equation V, — [U, V] = 0 in
the Bargmann constraint, so F (1) = % det V(1) is invariant along the x flow. Therefore, we
have the generating function of integrals of equation (H):

F) = i detV(L) = —= + Z i (3.9)

m=0

where
Fo=3(p.p) — (p. Aq) +(p.q)(q.q) — X(p.q)* = H

F, = 1 ,A"p) — (p, LA™ —(p, A ’ , A
sUp, A" p) — (p.q){p. A"q)) — (p q)+(p.49){q q) (3.10)

m—1

1
Y

k=0

(p, A p (p, Akq)
(p, A" *q) (g, N"Fq)

Proposition 3.3. {F,,} are integrals of the Levi system (H); i.e. {F,,, H} = %= = 0.
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Remark. The ‘time’ parts of Lax pairs for the Levi hierarchy are also nonlinearized into
N-dimensional Hamiltonian systems by using (3.8):

J0F,,
Py, -
" 3q
Fu
on (F)
qi, = p .

4. The integrability of the system (H)

4.1. The involutivity of { F,,}

Regard the generating function (1) as a Hamiltonian in the symplectic space (R*, dp Adg).
Let 7, be the flow variable along the F (1), then through a direct calculation, the canonical
equation can be written as

_AFO)
a4 (e _ qx _ Pk)
d, <qk ) | oaron | Wk, o) < 4k @1
Ipi

where

V(L)
A— o

WA, o) = 4.2)

-V —Via /A
+Vo(h) Vo()»)=< 2 e/ )

0 Vo
Lemma 4.1. The Iy satisfies the Lax equation:

dIy

d_a =[WQA, o), Tkl (4.3)

Proof. LetS:( _01 (1) ) Thean=< Z: )(PkCIk)STZPPTST’PZ( Z: )

We note the fact:
SBTST = —B VB e si(2,C).

Therefore, by means of (4.1), we have

dFk Pk T Pk T
— = S*+ S
a, ( 0 )tk (Pr qx) " (Pr g1y,

=wPPTST+ PPTWTsT
= Wt + Th(=W) = [W, T}]. O

Proposition 4.2. The Lax matrix V (i) satisfies the Lax equation along the F (A) flow:

d
d—th(/L) =[WQ, w), V(w] Vi,neC r#p. 4.4)



Quasi-periodic solution of a new (2 + 1)D coupled soliton equation 199

Proof. From equation (3.4) we have

_h_n dn s,

Vi) = M~ de, * dr,
N dA
=3 o). T+ S
k=1 M — O dr I
where
= Z [ Y -+ Vo(). rk}
=1 =1 * T Gk
- 1 1 1
= Z(A— [V(x),( - )urk] + [Vo(h), m)
—\A—u =0  A— o — Qg
Viy) A
= WO VoI + | 5= 2 = 8, | = [Vo0). )

Through a direct calculation, the following formula can be proved:

da, [V A
2 22 A A A = Vo), ALl =0. 0
dlx+|:)v—ﬂ o ”] (Vo). 2]

Theorem 4.3. {F,,} are involutive integrals of the Levi system (H ).

Proof. We note V (1) is a solution of the Lax equation (4.4), F(u) =
F(w) is invariant along the ¢, flow, that is

2//« det V(u). Therefore,

d
TR F(w) ={F (), F(M)}=0.
5y

On the other hand,

(F(). FO)} = Z Z W —{Fy. F,).

m=0 n=

Comparing the coefficients of A, u, we have {F,,,, F,,} =0,Vm,n € N. ]

4.2. The independence of { F,,,}

From (4.1) we can calculate

aF AF 1 1
= g— = -2 Cvgr+pr+0[ =) ).
D o qk o A_O[k< (P, 9)q; + Pk (J)

We define N-dimensional vectors with N distinct and sufficiently large constants [, I, .. ., Iy:

F=Fd), ..., Fdy)T

- aF - AF S . - 4.5)
= = & = pink — qilk.
pk aqx
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If we omit the higher-order infinitely small 1//;, there will be

1 1

N N Ii—a; 7 Li—ay N
det|&, &, ....6nl=| -+ - o [T]0F —20(p. 9)gD)
1 1 _
e v ia k=1
N N
=[]t =20t )ad []@; =10 [ @ — ™ [ [ — ).
k=1 j>k jk=1 j>k
J#k
Therefore, when /1, [», . .., [ are distinct and sufficiently large, we shall have

det|£, &, ..., Ex| #0

on the open set

N
{(p, DI [PE —2(p. @eugid) # 0}.

k=1
which means that the vectors 5 1, 52, el §N are linear independent,
N =rank{&,, ..., &y} < rank{iji, &, ..., iin. Ex} < N
rank = rank{7;, C1y ..., 7N, L} = N
a(p,q)
that is,
AF
rank =
a(p,q)
On the other hand,

F) x+§: Fon : det V(1)
= —— = — de
27 e T 2

A +b1)LN*1+b2)LN*2+-~-+bN
2 N a1+ tay

Comparing the coefficients of A, we have

1
ap 1
b=AF A= as ay 1
ay—-1 dy— dy—-3 ... ad 1
where
b=(b,by....,by)" F=(F,F,... Fy'.

Therefore, rank b = rank F. Otherwise,

dF ab 3F ab
a(M)— = N AN ) — al)— = QNN L D)—
Pk 9Pk 99k g
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that is,

-

A A ok

d 1 1
=diag(—,..., ) .
a(p, q) a(ly) a(ly) JN-1 N2 | a(p, q)
| B

This implies

(4.6)

Hence b = AF is functionally independent.
From the above discussion, we have found the following results.

Theorem 4.4. On the open set {(p, q)| ]_[,ivzl(p,% — 20, (p, q)q,f) #0)eRN F|,F,..., Fy
are functionally independent.

Proof. Because b = AF in functionally independent and det(A) = 1, Fy,..., Fy are
functionally independent.

From theorems 4.3 and 4.4, F, ..., Fy are N involutive and functionally independent
integrals of (H). So the Hamiltonian system (H) is a complete integrable systems in the
Liouville sense [23, 27]. O

Theorem 4.5. The N-dimensional Hamiltonian system (H) is a complete integrable system
in the Liouville sense. The N involutive pairs and functionally independent integrals are
Fo, Fi, ..., Fy-1.

5. Elliptic coordinates

It is easy to see that each of F (1), Vi2(A), V21(}), as a rational function of A, has simple poles
at o, since the coefficient of (A — « j)_z is zero in F (). We have

F) = L et V(L) = —i(v2 + Vi V) = _18@)
21 o) T 2a(h)
Vi = —20(p. q) — 20s(p. p) = ~2(p. q) X (5.1)
a()
Vor =1+ 0,(g, Ag) = 2%
a(l)

where

N N
m)=[[o—m)  n) =[] —vo)
k=1 k=1

N+1

N
by =[]0 = B0 a() =[]0 —a.
k=0

k=0
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{ux} and {vy} are defined as elliptic variables. Expanding Vi>(X) and V5, (1) in series of A~

and comparing the coefficients, we can obtain the following relations:
(q. Aq) = Z(ak — Vi)

(p.p) =2(p.q) Z(ak — 1)
k=1

N
(g, A°q) {[Z(ak - Vk):| Z(ai - v,f)}
N
(p, Ap) = {[Z(ak m)} +) (e - ui)}
k=1

v=—{q,Aq) = Z(Vk — ay)

- X 1 ) al
W 10D ngy =23 - o).
k=1

u—v 2(p.q)

5.2)

(5.3)

54

Proposition 5.1. The elliptic coordinates satisfy the evolution equations along the t, flow:

1 due m()
2V R Ao a0 — wom’ ()
1 dvg _ n(i)
20RO At a()(h — vn' (v)
where
2N+1
RO) =aMbt) = [T -1y
j=1
with A = ag, hysj = Bj (k=1,...,N; j=1,...,N+1).

Proof. Substitute & = u, vy, respectively, in equation (5.1). We have

VR o)
Vin(uy) = T aGm) Viilw) = T

From the Lax equation % Vu) =[W(Q, w), V(un)], we have

d
d_tAVn(M) =2(Wnx, w)Via(u) — Wia(&, ) Vir(n))

d
—V21(M) =2(Wo (A, w)Vir(u) — Wii(A, ) Var (w)).

d,

(5.5)

(5.6)

Let u = py and o = vy, respectively. After some calculations we have equation (5.5). O
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By means of the interpolation formula for polynomials with degree not more than g = N,
wehave (j =1,...,9)

Xg: i dm A8

S 2/ R do— a()

§ vE dy as 67
2 oD @ at)’
Consider the hyperelliptic curve I':
£ —4R() =0 (5.8)

with genus g = N since deg R(A) = 2N + 1. There is a linear independent holomophic
differential [28] on I":
5 = M = 1.2.....N (5.9)
W, = ——— =1,2,...,N. .
= ok

For a fixed Aq, introduce the quasi-Abel-Jacobi coordinates:

~ N M
¢; = E / wj
k=1%o

) N (5.10)
ED / @;.
k=1 %0
From (5.7), we have
Proposition 5.2 (Straightening of the 7 (1) flow).
do; A8~ dor. a8
do; _ M7 dy; AT (5.11)
d[)\ a()») dtk a()‘-)

Proposition 5.3 (Straightening of the F; flow). Let t; be the variable of the Fy. flow. Then

¢ _ d¢ _ dy
dt() B dtm B dtm

= —(Am, An—1, -~-7Am7g)T (5.12)
where ¢~> = ((;31, R qu)T, fh=x,A0=1,A_; =0(j =1,2,...), Aj are the coefficients
in the expansion

AW 1

a)  (I—oaA .- (1 —ayr™)

o0
=1+ A (5.13)
j=1

which could be represented through the power sums of oy, o] = Z,i\/:l a,l(:

Al =0 AQZ%(U2+O'12) A3=%(20‘3+3O‘20‘1+0‘13)

with the recursive formula

1
Ak = % oy + Z U]A] . (514)
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Proof. According to the definition of the Poisson bracket:

R

dp - N
— =@ F)=) @ FO) = 357 g,

dl‘;\ P )Lk+l

With the supplementary definition Ag =1, A_; =0 (j =1, 2,3, ...), the comparison of the
coefficients of A~%~! in equation (5.13) yields d¢; /df; = A;_, and

@ __ai

=——" = —(Am, Aty oo s Ap_)T .
dt,, dt,, ( ! 2

The proof of equation (5.14) is elementary, resorting to the expansion Y, k~'oxA ™ of the
right-hand side of equation (5.13).

Now we consider the zeros on the hyperelliptic curve I" with genus g = N since
deg R = 2N + 1. At = oo, the affine equation is transformed into (z = A~"/2, é = 2N+lg):

~

with
2N+1
R.(2) ="PRE ) = [ =22 (5.15)
j=1
Take the canonical basis of cyclesonI" : ay, ..., ag, by, ..., b,. Let C = (Cjy) be the inverse
of the periodic matrix (Ag):
C=@ot  Au= [ an (5.16)
ax

Then for the normalized holomorphic differential
8
ijZC,SJ)X w=(01,...,0)" =Cd (5.17)
s=1

we have

/wj:ajk /w]:B,-k. (5.18)
ag by

According to the Riemannian relation, the matrix B = (j;) is symmetric and has a positive-
definite imaginary part, and is used to construct the Riemannian theta function [29] of I':

0() = Z expn\/—_l((Bz, ) +2(¢, z) ¢ e Cs.

z€Z8
For fixed Py on I', the Abel-Jacobi coordinates are defined as

N (k- & ()
b= [

k=1 0
(5.19)

N (Vi & (V)
U= Zf . O

k=1 Fo
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Lemma 5.4. Let S, = A\ + A vo1- Then the coefficients ofm Y reo Rez* satisfy

the recursive formula

Ry =1 R =S R = Sc+ Y SiR (5.20)
0= 1=3% oyl B k|- .
i+j=k
i,j>1
Proof. Since In(1 —#) = — Y22, k%, we have
2N+1

In T(z Z In(l — A,z%) = Z Sz

By differentiating with regard to z and comparing the coeffients of z, we obtain equation (5.20).
Let Cy, ..., C, be the column vectors of C defined by equation (5.16). Then by direct
calculations, the coefficients in

o0
—  (C12+ G4+ Cz®) =Y ! (5.21)
2J/72R.(2) ¢ Z

are
= J(Re—1C1 + -+ Ri_4Cy) (5.22)
with the additional definition R_; =0 (s = 1, 2, ...). Specifically,
Q=0 Q= 1C
Q= 2(Ri—1Cr+ -+ + R Cyoy + Cy) k=1,...,8). O
Proposition 5.5. The 1, flow is straightened by the Abel-Jacobi coordinates:

d¢o dyr
— =—Q — = Q. 5.23
a X d, k (5.23)

Proof. From equation (5.11) we obtain

g __ M (! A78)

d,  2JAR(y 7

d¢ d¢ A8 . _ = k1
— =C—=————(C1A7 4+ +C A7) =y A",
i, Can T rsim ) k; ‘

Hence we obtain the first part of equation (5.23) after comparing the coefficients of A 7%=,
while the second part is obtained similarly.

The straightened equations (5.23) are easily integrated by quadratures: ¢ = ¢o— > Q.
And the evolution picture of the confocal flow and Levi flow becomes very simple through the
‘window’ of the Abel-Jacobi coordinates ¢ (as well as ¥):

confocal Fi: ¢ = ¢pg — Quly
Levi X;: ¢ = o — Q1x — Quty.
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Specifically,

Levi-Bargmann stationary equation (H): ¢ = ¢y — Q1x

Levi equation I: ¢ = ¢o — Q1x — QY

(5.24)
Levi equation II: ¢ = po — Qx — Qt
2 + 1 coupled equation: ¢ = o — Qix — Qy — Qst.

The corresponding explicit solutions are obtained by some inversion procedures from ¢, ¥ to
the coordinates u, v via the elliptic coordinates {pg, vi}. O

6. Inversion from ¢, ¥’ to {1}, {vr} and quasi-periodic solutions of LI, LII and (2.3)

The Abel-Jacobi map A: Div(I") — J = C8/7 is defined by

»
A(P) =/ s A<anPk> =Y mA(P) (6.1)
Py

where Py = &(A) is fixed, Div(I") is the divisor group, and the lattice 7 is spanned
by the periodic vector {§;; B;}, which are the column vectors of E and (Bj,) defined by
equation (5.18). The definition of Abel-Jacobi coordinates is rewritten as

8 8
¢=A{Zs(u,»)} w=A{Zs<v,->}. (6.2)
j=1 j=1

According to the Riemann theorem [29], there exists a constant vector K such that:

(a) 0(A(P(L)) — ¢ — K) has exactly g zeros at A = pup, ..., fg;
(b) 6(A(P(A)) — ¥ — K) has exactly g zeros at A = vy, ..., v,.

And we have the inversion formulae:

> owh =) — Res 2" dIn0(A(P(2)) — ¢ — K)
8
Zv; = I;(T") — Res 2 dInf(A(P(L) + ¥ + K)

j=

~

(6.3)

where

is independent with ¢.
In the neighbourhood of A = oo,

dz

JZ2R.(2)

w=Cd=—(Ciz*+-- +C,2%)
With the help of equation (5.21) we obtain

<1
A@E) = -0+ o ud
k=1



Quasi-periodic solution of a new (2 + 1)D coupled soliton equation 207
where
Py
n= / w. (6.4)
(o]
Hence we have the power-series expansions near A = oo in the local coordinate z = A~1/2:
21
nOAER) —¢p—K) =Inf(—p—K —n—) —q*
nO(AER) — ¢ )n(¢ n;%kz)
o0
=Ino@+K+n+Y az*
= (6.5)
In0(AEMN) — ¢ — K) = ln9<w +K+n+ Z Q7 )
=Inf(—¢p — K —n) + Zbkzzk.
k=1
Here the fact 8(¢) = 6(—¢) is used. Equation (6.3) can be written as
g
Z/’L; = [(T") — sa;
o 6.6
. (6.6)
> v = L) = sbs.
j=1
The residue at A = oo can be obtained
3%1n6
Res AdInf = 2a, =
BRTRLTE
4 ESE 3%In6
Resxzd1n9—4a4_ Q1
A=o 3 ; ; 000
4 EEEGE 3*1no
+ e 2512 211 -
3 ; ,; ;2;: 98;8k05198m
The special case is
£ 9%In6
=)+ ) QjuSQu—Fr
,2_; Z g0
' 6.7)

9% 1no*
8518§k

Mw

»=11<F)+Zsz 11—

~.
Il

where
9=9<¢—K—n>=0(Zszkrk—¢o—l<—n)
k

9*:9(¢+K+n)ze(zgkzk+wo+1(+n).
k



208 Y Wu and J Zhang

Denote x = x9, y = t1,t = t,. By the chain rule of differentiation for composition functions,
equation (6.7) is further simplified as

8 3°1n6
D i =h() -
j—1

0x?
(6.8)
£ 9%1n6*
Zuj =5LT)+ e
j=1
Proposition 6.1. The quasi-periodic solution of Levi I is
82
v(x,y) = 2 InO(21x +2y+ K +n)+ N,
x
d
u(x,y) = exp {23_ In(B(Rx + 2y +K+n)0(QLx +RQy— K — n))} (6.9)
X
32
+—InO(Qx+y+K+n)+ N,
9x?
where Ny and N, are constants.
Proof. From equations (5.4) and (6.8), we have
N
v=—(q,Ag) =) ( — )
k=1
N 32
=LT)— ;ak + Wln@(ﬂ;x + Sy + K +1)
2
=N +—Ino0(Qx+2y+K+n).
0x2
From equation (5.4), we have
u—v). _1(p,p) 3
== —{g,Aq) =2 ) (v — k)
u—v 2(p.q) ,;
82
= Zﬁ In(B(Rx +Qy+ K +n)0(21x + 2y — K —n)).
X
Equation (6.8) can be obtained if we omit the integral constant. 0
We can also obtain the solution of Levi Il in a similar way.
Proposition 6.2. The quasi-periodic solution of Levi Il is
82
vix,t) = ﬁlnB(le +Q3t+ K +1n)+ M,
X
d
u(x,t) = exp {28_ In(O(Q21x + Q3t + K +1n)0(Qx + 23t — K — 77))} (6.10)
X

82
+—In0(Qx +Q3t — K —n) + M,
0x?

where M| and M, are constants.
When u(x, y, t), v(x, y, t) is a compatible solution of Levi I and Levi Il, Then u(x, y, t),
v(x, y,t) is also a solution of the 2 + 1 coupled soliton equation (1.1).
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Theorem 6.3. For the 2 + 1 coupled equation

U, = (%u“ — %u32 — %uv2 — 3v8_1uy)x

v = (%v” —7v = 3ucv + 3v8’1vy)x
there exists a quasi-periodic solution

82
v(x,y,t) = Wln@(ﬂlx + v+ Q3+ K+n)+Cy

0
u(x,y, t) = exp{Za— In(B(R21x + 0y +Q3t+ K +1n)0(Q1x + Qy+ Q3 — K — n))} (6.11)
X

32
+—8 5 InO(2x +y+2t+K+n)+Cy
X

where Cy, C, are constants.
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